Abstract-In many signal processing applications, IIR and FIR filters may be used interchangeably, as in the long delay limit, an FIR filter looks like an IIR filter. It is known in nonlinear dynamics that a properly tuned IIR filter can change the dimension of a chaotic signal. This occurs because the feedback in an IIR filter makes it a dynamical system, so it may be characterized in terms of dynamical quantities such as Lyapunov exponents. An FIR filter, on the other hand, is not a dynamical system, and should not change the dimension of a chaotic signal. In practice, however, an FIR filter with a long tail mixes parts of the chaotic signal that are uncorrelated in time, so that a finite length chaotic signal filtered with an FIR filter will appear to have a larger dimension. I will show in this paper that it is possible to use a recently developed dimension estimation method to distinguish an IIR filtered chaotic signal from an unfiltered signal, or a signal filtered by an FIR filter. I can also distinguish different IIR filters from each other. I can even detect the presence of an IIR filter when I use a chaotic signal whose bandwidth is much smaller than the filter bandwidth. Possible applications of this filter ID method could be in identifying radar or sonar targets based on resonant structures, or remotely identifying chemical compounds based on their resonance properties.
INTRODUCTION
If one is remotely detecting an object using a signal that reflects off the object (such as radar, sonar, or an optical signal), it may be useful to determine if the object has resonant properties. One example is an object where reflections off different parts of the object produce constructive or destructive interference in the signal; this sort of resonance acts as an FIR filter. Detection of FIR resonances is used in radar for target identification. On the other hand, a resonance line used to detect a particular chemical is an IIR filter, as is a magnetic resonance line [1] .
It has been shown that filtering a chaotic signal with an infinite impulse response (IIR) filter, a type of filter that uses recursion, can increase the dimension of a chaotic signal [2, 3] . A finite impulse response (FIR) filter does not use recursion, and so should not increase the dimension of a chaotic signal [4] , but if the FIR filter includes a long delay time, the filtered chaotic signal may appear to numerical algorithms to have a higher dimension [5] . While analysis of the reflected power spectrum can reveal the presence of a resonance, this analysis may not be enough to distinguish if the resonance is caused by an IIR filter or an FIR filter.
FIR FILTER
A simple example of an FIR filter that is found naturally is the reflection of a sound wave from an infinite plate [6] . If a sound wave propagates in a medium such as water, with an acoustic impedance of R 1 , and strikes a plate at normal incidence, then the reflection coefficient and transmission coefficients at the front of the plate are
where R 2 is the acoustic impedance of the plate. After traveling through the plate thickness of d, the sound wave is encounters the rear surface, which has a reflection coefficient
After a time delay of t = 2d/c, where c is the sound velocity in the plate, the sound wave emerges from the front surface of the plate with a transmission coefficient of
The result is a sum of delayed versions of the original sound wave. In principle, the sum of reflections is infinite, so the term "finite impulse response" is not completely accurate, but we will keep the standard language, where infinite impulse response (IIR) refers to a system with feedback, while finite impulse response (FIR) refers to a system without feedback.
IIR FILTER
The IIR filter used in this work is a model of a simple dynamical system. A linear ODE model is used:
where x d is the driving signal. The 2 Lyapunov exponents for this filter are −βα f , corresponding to a complex conjugate pair of eigenvalues.
DIMENSION
For a dynamical system with Lyapunov exponents
where j is the largest index for which the sum over k is non negative. If the signal is filtered, then the Lyapunov exponents η i of the filter will also be included in the sum of Eq. (5). The additional exponents may alter the Lyapunov dimension of the signal [2] , as demonstrated below.
MEASURING DIMENSIONS
After embedding a chaotic signal in a phase space by the method of delays [7] , the dimension of the chaotic signal could be measured using the method of [8] . Applying this method produces an average phase space radius * (τ ) , further described in [9] . The change in this radius as the embedding dimension changes is related to the actual dimension of the chaotic signal. In order to calculate the attractor dimension, it is necessary to pick a series of multidimensional index points on the attractor and find other points on the attractor that are nearby in phase space. This set of phase space neighbors forms a reference, and the indices of the set are stored in a reference file. References are created for both filtered and unfiltered signals, and are used below when comparing * (τ ) values for different signals.
CHAOTIC SYSTEM
To generate the chaotic signal, we use a map of the form
where a c is to be determined. The initial condition was x(0) = 0.2, and the first 500 iterates from the map were discarded. The resulting signal was frequency modulated onto a sinusoidal carrier. The frequency of the modulated signal s(i) was determined by ζ(n) = 1.0 + 0.1[x(n) − 0.5], so that the n th cycle of the signal s(i) was given by
If ζ(n) = 1, then s(i) will have a period of 20 points. The signal s(i) has a constant envelope. For the map of Eqs. (6) and (7), the Lyapunov exponent is log(|a c |)/cycle, where log is the natural logarithm. The chaotic signal s(i) is filtered through the IIR filter of Eq. (4), with a time step of 0.1 s. The filter time constant α f is set to 3.256 so that the signal s(i) is at the center of the filter passband. The damping constant β is chosen so that α f β is less than the Lyapunov exponent of the chaotic signal.
When a c = 1.1, the Lyapunov exponent of the chaotic signal is log( 
NOISE MODULATION
As the value of α f β in the IIR filter increases, the Lyapunov exponent of the chaotic signal must also increase if the IIR filter is to increase the signal dimension. As the Lyapunov exponent of the map of Eq. (6) becomes larger, the map signal looks more and more like noise. Taking the limit of this trend, β for the IIR filter of Eq. (4) was increased to 0.04, and the signal x(n) in Eqs. (6) and (7) was replaced by computer generated uniformly distributed random noise. Figure 2 shows that the noise signal, when modulated onto a sinusoidal carrier, is also useful for distinguishing an IIR filtered signal from an unfiltered signal.
While the noise signal itself is infinite dimensional, the sine wave onto which the noise is modulated is 2 dimensional, so the resulting signal appears to have a dimension between 2 and 3. Figure 3 shows the normalized power spectrum of the chaotic signal used for Figure 2 , along with the response of the IIR filter for α f = 3.256 and β = 0.04.
The dimension increase of the chaotic signal depends on the relative Lyapunov exponents of the filter and the chaotic signal, not on the relative bandwidths. Modulating the chaotic signal onto a carrier allowed the Lyapunov exponent and bandwidth of the chaotic signal to be varied independently, so Figure 3 shows that the chaotic signal used to detect the presence of the IIR filter occupies only a narrow portion of the filter response function. The full width at half maximum (FWHM) for the chaotic signal is 7.5 × 10 −4 Hz, while the FWHM for the IIR filter response is 4.3 × 10 −2 Hz. If the chaotic signal bandwidth was as large or larger than the filter response, then detecting the IIR filter could be done with spectral methods. Since the chaotic signal bandwidth is much smaller than the filter response, detection using spectral methods would be difficult. * for an unfiltered signal generated by frequency modulating a chaotic signal onto a sine wave (Eqs. (6) and (7)), * for the same signal filtered by an IIR filter, and * for a sum of the 2 signals. * for a filtered and unfiltered signal when a noise signal is substituted for the chaotic signal x(n) in Eq. (7). (4) with α f = 3.256 and β = 0.04, and power spectrum of the signal created by using uniformly distributed noise to modulate a sine wave in Eq. (7). 
SENSITIVITY
A different measure of the usefulness of the dimension change of the chaotic signal as a detector of IIR filtering is the sensitivity of the method to a change in the IIR filter; can we distinguish 2 different IIR filters? The time constant of the IIR filter of Eq. (4) was increased by 10%, from α f = 3.2256 to 3.582, while the damping constant β was decreased by 10%, from 0.04 to 0.036, leaving the product α f β constant. The unmodified filter will be refered to as filter 1, while the modified filter is filter 2. The noise modulated sine wave signal was used to drive both filters. A reference signal was produced for the IIR filtered signal from filter 1 and both filtered signals were compared to this reference. Figure 4 shows * (τ ) vs dimension for filter 1 and filter 2 when compared to a reference from filter 1. The values for filter 2 are larger for dimensions of 3 and above, but the difference is not large. It is possible to distinguish between 2 different IIR filters using the dimension increase method, but the method is not very sensitive to filter differences when using a noise modulated sine wave. The bandwidth of the noise modulated sine wave is much narrower than the filter response, so one would not expect great sensitivity.
FIR FILTER
The FIR filter was derived from the infinite plate model described above, with a thickness of 3.56 average wavelengths of the modulated signal. The response functions for the IIR and FIR filters are shown in Figure 5 . The FIR filter response is periodic in frequency, but the noise modulated signal is narrow enough in bandwidth that it will not see the periodicity. The same noise modulated signal was used to drive both filters. Figure 6 shows * (τ ) vs. dimension for the noise modulated signal filtered by both IIR and FIR filters when compared to a reference generated by the IIR signal. In this case, the values of * (τ ) for the FIR filter are very close to the values of * (τ ) for an unfiltered signal.
CONCLUSION
While it is not always possible to distinguish between IIR and FIR filters using conventional methods, this paper shows that these filter types can be distinguished by taking advantage of the dimension increase in filtered chaotic signals. Furthermore, because the bandwidth and Lyapunov exponent of a chaotic signal may be varied independently when modulating it onto a carrier, is is possible to identify an IIR filter with a signal that is much narrower than the filter bandwidth.
